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Chern-Ricci invariance along G-geodesics 


NEFTON PALI 


Abstract 


Over a compact oriented manifold, the space of Riemannian metrics 
and normalised positive volume forms admits a natural pseudo-Riemannian 
metric G, which is useful for the study of Perelman’s W functional. We 
show that if the initial speed of a G-geodesic is G-orthogonal to the tan¬ 
gent space to the orbit of the initial point, under the action of the diffeo- 
morphisnr group, then this property is preserved along all points of the 
G-geodesic. We show also that this property implies preservation of the 
Chern-Ricci form along such G-geodesics, under the extra assumption of 
complex aniti-invariant initial metric variation. This result is useful for a 
slice type theorem needed for the proof of the dynamical stability of the 
Soliton-Kahler-Ricci flow. 

1 Statement of the invariance result 

We consider the space A4 of smooth Riemannian metrics over a compact oriented 
manifold X. We denote by Vi the space of positive smooth volume forms with 
integral one. Notice that the tangent space of M x Vi is 


T M x Vl = C°°(x, S 2 T* x ) © C°°(X, A m Tl-)o, 


where 



C°°(X, A m T x ) 0 ■ 


We denote by End s (T x ) the bundle of ^-symmetric endomorplrisms of T x and 
by C^(V,1R) 0 the space of smooth functions with zero integral with respect 
to f2. We will use the fact that for any ( g , fl) G M x Vi the tangent space 
XVfxVids.n) identifies with C°°(X, End s (Tx)) © Cq(X, R)o via the isomor¬ 
phism 



In iPalbl . we consider the pseudo-Riemannian metric G over A4 x Vi, defined 
over any point (g, fl) £ M x Vi by the formula 
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for all (u,U),(v,V) G TmxVi- The gradient flow of Perelman’s W-functional 
with respect to the structure G is a modification of the Ricci flow with rele¬ 
vant properties (see |Pal 6 ] ). The G-geodesics exists only for short time intervals 
(—£,£). This is because the G-geodesics are uniquely determined by the evo¬ 
lution of the volume forms and the latter degenerate in finite time (see section 
EH- In fPalb] . we show that the space G-ortogonal to the tangent of the orbit 
of a point (g, O) 6 Af x Vi, under the action of the identity component of the 
diffeomorphism group is 

F g ,n := {(«, V) € T MxVl | V>* + V 9 P n * = 0} . 

In this paper we show the following conservative property. 

Proposition 1 Let (g t , ftt) t€ (_ e e) C A4 x Vi be a G-geodesic such that 
(3o,fto) G F g 0 i n 0 - Then (g t ,&t) G F 9 ti n t for all t G (-£,£). 

We consider now a compact symplectic manifold (X, u>) and we denote 
by the space of smooth almost complex structures compatible with the 
symplectic form to. We notice that the variations inside the space of metrics 
Mff := — u) ■ C M, at a point g = —c oJ, are J-anti-invariant. Thus, in this 

set-up, it is natural to consider the sub-space 

F g 7 ,n := {(u,P)GF 5 ,o|u = -J*uj}. 

With these notations we state the following result. 

Theorem 1 (Main result. The invariance of the Chern-Ricci form). 

Let (X, Jo, go) ba a compact almost-Kahler manifold with symplectic form 
u> := go Jo, let fto G Vi and set p = Ric Jo (Ho)- Then for any G-geodesic 
( gt, flt)te(-e,e) C with initial speed (go, ft 0 ) G holds the properties 

J t := -w _1 3 t G (g t , Lit) G F^* nt and p = Ric Jt (ft t ), for all t G (-£,£). 

Our unique interest in this result concerns the Fano case ui = p. In this case 
the space of w-compatible complex (integrable) structures J u embeds naturally 
inside M x Vi via the Chern-Ricci form. (This is possible thanks to the 99- 
lemma). The image of this embedding is 

S u := {( 3 ,ft) G M u x Vi | to = Ricj(ft), J = -oj~ 1 g} , 

with := -oj-Ju C M. It is well-known that the J-anti-linear endomorphism 
sections associated to the metric-variations in M u at a point g = -wJ, are 
d Tx ^-closed. Thus, in the integrable set-up, it is natural to consider the sub¬ 
space 

F 9 J ,o[ 0] := {(b^)GF 9 J iS1 |^X = 0}. 

It has been showed in |Pal 6 j that this is the space G-orthogonal to the tangent to 
the orbit of the point (g, ft) GS U , under the action of the identity component of 
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the w-symplectomorphism group. (See the identity 1.14 in |Pal 6 ) b Furthermore 
the product G 9i n is positive over F^ n [0]. thanks to a result in [Pal 6 l . We 
conjecture the following slice type result. 

Conjecture 1 Let (X, J) be a Fano manifold, which is complex deformation 
un-ubstracted and let to G 27 tci (X) be a Kahler form. Then the distribution 
{g, n) € 5 W i—► F g 7 n [0], with J := —uj 1 g is integrable over the space S u , with 
local leave := {( 7 ,/z) G Exp G (F^ n ) | V 7 w = 0} at the point (g,Ll). 

In view of the results in section 9 of | IPal 6 j , the solution of this conjecture is 
crucial for the proof of the dynamical stability of the Soliton-Kaliler-Ricci flow 
lPal 8 | . 


2 Pure evolving volume nature of the G-geodesic 
equation 


We remind that the equation of a G-geodesic (g t , 12*)te(-e £ ), (see IPalhj '). rewrites 
under the form 


d f,* 
dt 


g* + n* t g* = 0 , 


( s ) 


tit + \{\9t\l - 2(12 *) 2 - f x [\g t \l - 2(0-) 2 ] 12 t } fi t = 0. 
The invariance of the scalar product of the speed of geodesics implies 
Gt ■ G Stj n t (g t , Lit, gti ) = G go (go , , go, I2o). 

Therefore a solution of the system ( S ) satisfies also 
£ t gf+n* t gf=0, 


(Si 


12 


t T 4 


\ 9 t\g t ~ 2(12j) 2 — G| 


n t = 0. 


The first equation in the system (Si) rewrites as 


.* _ ^0 . * 

9t - Qt 9 o> 


which provides the expression 


12o 


gt = go exp [ J 


We set ut := 12 t /12o, and we observe the trivial identities 
1 9 t\] t = Tr^(gff = u^\g 0 \ 2 go , 


12 * = ut/ut- 
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We deduce that the system (Si) is equivalent to the system 


9t = 9o exp ($j fo u s lrfs ) 


M 0 = 1, 

fx v-o^o = 0 . 

The solution u is given by the explicit formula 


— foUo, 

lsolL- 2 “? 


4m 


— M(Go — 0 , 


i , ■ W (Co/2) 

“< = 1 + "° 2 -(mTi)! 

k^O v y 

No := No — Go, 


2k+l _ I jy 0 ^ (Co/2) fc ^2 fc 


fc>l 


(2fc)! 


iV 0 := |go|g 0 -2(OS) 2 - 

Thus the solution (g t , ^t)te(_ E e ) °f the system (Si) satisfies f x tot = 1- This 
implies G t = G o- We infer that the system (Si) is equivalent to the system (5). 
In the case Go > 0, the previous formula for Ut reduces to the expression 

u t = 1 + 1 sinh (qot) - iVo ( 27 o ) -2 [cosh (yot) - 1], 

with 7o := (G 0 /2) 1/2 . 


3 Conservative properties along G-geodesics 

In this section we show proposition [T[ 

Proof We remind first the fundamental variation formula 


P*,nv:-) (v, v ) ] v* = l -y g \v\l - 2«* • (v*%* + v 9 v n *) 


(3.1) 


obtained in (Pal7[. fsee the formula 19 in ||Pal7|'). Using m we develop the 
derivative 


dt 




V 9 A*) = -2 g*t ■ + V 9t fl t *) + iv 9t |&| 


2 v; t n * + 2Vst ^ _ 2 ^* • v ^*- 
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Writing the equations defining the G-geodesic [gt- U t ) tg ^_ £ £ p under the form 


j + = 

0, 




l 2f t n* + (Q * t ) 2 

+ \ 

\9t\l ~ 

2^gt,^t (dti 5 9t-> &t) — 0? 

we infer 





2 "T ( v 

dt V 

+ v«n t *) 

= 

-2 % ■ 




- 

2v; t °‘ 

(n;#)-v* (nt) 2 -2gt-x gt nt, 

and thus 





4 ( 

dt ' 

v;^ + v„n;) 


-2 (gt 

+ fyi ) ■ (vX'gt + v gt n;) ■ 


Then the conclusion follows by Cauchy’s uniqueness. □ 

Let J C C°°(X, End]R.(Tx-)) be the set of smooth almost complex structures 
over X. For any non degenerate 2-form uj over a symplectic manifold, we define 
the space J^ c of w-compatible almost complex structures as 

J™ := {JeJ|-wJe M}. 

With thess notations hold the foil wing result. 

Lemma 1 Let Jo £ Jff c and let (g t: fb) tg (_ E , C M x Vi be a G-geodesic 
such that go = —coJq and go Jo = — Jojo- Then Jt := —LO~ 1 gt £ , for all 

t £ (—e,e). 

Proof Using the identity J t = J t gt and the G-geodesic equation 

J t dt+ = °> 

we obtain the variation formula 

i). 

This implies g\J t = —Jtgti for all t £ (—£,e), by Cauchy’s uniqueness. We 
deduce in particular the evolution identity 2 J t = [J t ,gt]- Then J? = —I 
thanks to lemma 4 in |Pal3j . We infer the required conclusion. □ 
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4 The first variation of the Sl-Chern-Ricci form 


Let ( X , J) be an almost complex manifold. Any volume form fi > 0 induces a 
hermitian metric ha over the canonical bundle K X j := A" ,0 TJ, which is given 
by the formula 


ha{a,p) 


n\i n2 a A /? 

n 


We define the Sl-Chern-Ricci form 


RiCj (fi) := —iC hn ( K x ,j ), 

where Ch{F) denotes the Chern curvature of a hermitian vector bundle (A 1 , Of, h), 
equipped with a (0, l)-type connection. Consider also a J-invariant hermitian 
metric w over X. We remind that the w-Chern-Ricci form is defined by the 
formula 


RiCj (w) := Tr c [JC U (: T x ,j)\ ■ 

The fact that the metric h^n over K X j is induced by the metric ui over T X j 
implies, by natural functorial properties, the identity Ric J (w) = Ric^w"). Let 
now 

ICS := {(J, 5 ) G J x M | g = J*gJ, X g J = o}, 

be the space of Kahler structures over a compact manifold X. We remind 
that if A G End] R (Tjf), then its transposed Aj with respect to g is given by 
Aj = g _1 A*g. We observe that the compatibility condition g = J*gJ, is 
equivalent to the condition ./J = — J. We define also the space of almost 
Kahler structures as 

AKS :={(J, ff )eJxAf| ff = J*gJ, d (gJ) = o}. 

With these notations hold the following first variation formula for the fl-Chern- 
Ricci form. (Compare with |Pal5j ). 


Proposition 2 Let (Jt,gt)t C AK.S and (Qt)t C V be two smooth paths such 
that J t = (Jt)]) t ■ Then hold the first variation formula 


2-^- Ric 
dt 




(4.1) 


with u>t = gtJt- 

Proof STEP I. Local expressions. We consider first the case of constant 
volume form fl. We remind a general basic identity. Let (L, 8l, h) be a hermi¬ 
tian line bundle, equipped with a (0, l)-type connection, over an almost complex 
manifold (A', J) and let Al,/i = + £>l be the induced Chern connection. In 
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explicit terms &L t h ■= h 1 • djx- h. We observe that for any local non-vanishing 
section a G C°°(U, L \ 0) over an open set U C X, holds the identity 

= W\h 2 HdL,h,v(ri),<T) 


= cr \ 


Vj°-W\h~ h (^ d L(T 


= Vj°-log\a\ 2 h -a l d L a{rf), 

for all 77 G Tx (D. We infer the formula 

i(j~ l DL'hV = idj log |cr|^ + 2^ie{ia~ 1 d■ 

In the case L = Kx,j t := A"^°TJ and h = /in we get for all 

A = ft'* A ... A G C°° (U, K x , Jt x 0), 

with := A G (7°° (t/, TJ ® H (D), r = 1,. .. ,n, the formula for the 

1 -form at, 

a t := iPi lD K X ' Jt ,h a Pt = id Jt log ^ ^ + 25Re (iPi^Kx^Pt) ■ 

We also notice the local expression Ricj t (fl) = —iCh n ( K\,j t ) = —da t . In order 
to expand the time derivative of the expression 


at(v) = A,;-log 


*" ft A A 

n 


+ 2 Jie 


Ti 

ifc 1 A 1 ;? A ■ ■ ■ A A 


r=l 


we observe first the formula 


sM;“) 


= AJr 




~ I 


a A 1,0 


n,£ 


•A 


(4.2) 


2 ^;° = 2 (^;°) ^ = d ^° + J tdP)fJt- 


We notice indeed that for bidegree reasons holds the identity 

1,1 

1 , 

Then time deriving the latter we infer the required formula (14.21) . 

STEP II. Local choices. We fix an arbitrary time r. We want to compute 
the time derivative a T {rj). We take the open set U C X relatively compact. 
Then for a sufficiently small e > 0, the bundle map 


<Pt ■= detn) : ° :A n y T °T^ 


A t T u 


A A ... A A. 


A:= Apt A ... A A’,t , 


1,0 
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is an isomorphism for all t £ (r — £,t + e). We set for notations simplicity 
D t := Th< x ,j t -hn ■ We consider also the connection D Vt := ip^D t over the bundle 
A n jfT*. Explicitely D Vt f3 = ip^ 1 D t p t . Then the expression D t /3 t = at <2) Pt, 
implies D Vt P = a t <8> P- We deduce that 


a t 


~ dt ° Vt ’ 


is indipendent of the choice of p. We want to compute a T at an arbitrary point 

p £ U. 

STEP Ila. The Kahler case. (We consider first this case since is dras¬ 
tically simpler). Let V St be the Levi-Civita connection of g T . Using parallel 
transport and the Kahler assumption V Sx J T = 0, we can construct (up to shrink¬ 
ing U arround p), a frame (/3 r )" =1 C C°°(U, Aj'^T^), satisfying V 9r P r (p) = 0, 
for all r = 1 ,..., n, and the identity 


T — „ ^ ' Pr A Pr 


over U. Then dVg T = 2 ~ n i n P T A /? T . We set now f T := log ^f 21 . The identity 
dp r = Alt Vg T P r , implies dp r (p) = 0. Then formula (14.21) implies the identity 
at the point p , 

-V.M?) = ' •' u 


dt | t 


— iPr (V Tx 9t </t) 

= -ip r Alt (vlf jjr) ■ 


(The last equality follows from the Kahler assumption). We deduce 

= iPrV^jJr-vl 1 = iPr^jJr'V, 

at the point p. (The last equality follows also from the Kahler assumption). 
Using this last identity we obtain the expression at the point p, 

1 ( n 10 \ 

a T (rj) = - j T V-fr + ( /3” 1 ^/3i A ■ ■ • A [Pr j-r) A ... A P n J 


- 9te ( P T 1 J^Pi A ... A PrV^jJr -rj A ... A , 




dfr ■ j^j (v), 


thanks to the elementary identities (p r Jr)]' 0 = 0, Tr c A = Tr c A*, and 
Tr E B = 29?e (Tr c B*’°), for all B £ End It (Tx )■ Using now the symmetry 
identities J T = and V Sti {J t = (Vg Ti £ J t )J t , we obtain 

2d r = V:;\) T -.g T) 
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over U. We conclude, thanks to the Kahler condition and Cartan’s identity, the 
required formula for arbitrary time t, in the case of constant volume form. 

STEP lib. The almost Kahler case. We remind first that in this case 
holds the classical identity 


g (V fll * J ■ V, M) = -2 9 (J£, fa, g)) , (4.3) 

where Nj is the Nijenhuis tensor, defined by the formula 

4iv, & v) ■■= K, v\ + J[t, H + AA, v] - [A, H- 
The identity (14.31) combined with the identity N } (Jr], g) = —JN S fa, g), implies 

Vg^J = -JV gA J. (4.4) 


We consider also the Chern connection i i0 of the complex vector bundle 

A J L x 

A jTx with respect to the hermitian product 

(<*,P) U : = 7 ; Tr w (m A/?) . 

This connection is obviously the dual of the Chern connection Dlfao of the 

T X,J 

hermitian vector bundle (Tx°j, co). We denote by D% x the Chern connection 
of ( Tx,j , w). By abuse of notations, we denote with the same symbol its complex 
linear extension over Tx <8^ C. The latter satisfies the formula 


D Tx A = D A° + D T 1.0 £’ » e C °° ( X > T X C) ■ 


L X,J 


In the almost Kahler case, D^ x is related to the Levi-Civita connection V g 
(see I ini2 and use identity (14.31) 1. via the formula 


D Tx,j,i 7 l = 2 JV 9’? J ' 7 ?’ 

for all f, rj € C°° (X, T x ® E €). Thus 


(4.5) 




and 


DAorJAAA = v 9 #°-£>° • -iAA-XgJ-A; 


since V g J ■ J = —JV g J. We apply now these considerations to the almost 
Kahler structure (J T ,g T ). Using parallel transport, we can construct a com¬ 
plex frame (/3 r )" =1 C C°°(U, A*’°Tjfa, satisfying D U J 0 B r (p) = 0, for all 

T a j t 1 x 

r = 1 ,..., n, and the identity 

n 

uj r = — ^ ^ f3 r A / 5 r , 

r— 1 
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2 — 

over U. Then as before, holds the identity dVg T = 2 ~ n i n A p T . We infer 


0 ) = 0, 

(4.6) 

(Vg T /3r • £};°) (P) = 0, 

(4.7) 

9 Jx /?r (p) = 0, 

(4.8) 


for all r = 1,..., n. The last one follows indeed from the elementary identities 


dj T P r (£,??) = d/3r(£,»7) = VgrtPr-V- V STl7) /3 r ' 
for all £,r] G C°°(X, Ty j^). We observe now that formula (14.21) writes as 
_ d 


dt 


M;°) 


= Jt Jf 




~ I 


' (p • -A) 


• \i 1,1 


Thus at time the point p holds the identity 
„ d 


s,._. ( a ^“) 


= Pr -N Jt (rfl'\j T jr/i) 

- i d(/3 r -j T ) 

J T 

= — i f3 r ■ N Jt ^j], j T [^J 

- id(/3 r - j T ) (V^y 


We set for notations simplicity r 1®’ 1 := rfy 1 , /ip 0 := pp 0 and we observe the 
expansion 


d (j3 r ■ j T ) (rp/, p} T '°) 


~ V^Pr-JrHr' + Pr ‘ ^o.i J T • Mr 


1,0 


- V„ 


; ,o/3 r • J^- 1 - & • V a 1,0 j T • Tj\ 


, 0,1 


We notice also the trivial identity 0 r ■ J T pp° = P r ■ (JtP) 0 / 1 = 0, over 17. Taking 
a covariant derivative of this we infer 


0 = • J ^r° + Pr ‘ V^.i J T • ^>° + /3, ■ j r ^o.x ^°. 


The identity (14.41) implies 




1,0 


Thus 


gT ,ri° A d-T — Pr 


Jt ( ^g T ,r t °' 1 d’ 2^ 9t ’ v ^ " ^ 


0,1 


= 0 , 
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and 


d (p r • j T ) (Vr'\fA-'°) = ~Pr ■ V ffTi#1 i.o j T ■ Vr’\ 

at the point p , since 

^g T Pr ' -^r 1 = ^g T P r ' = 

J T 

at p thanks to (Id.711 . Taking a covariant derivative of the identity 

J y JT I d 7 " J‘ 7 " 0 . 

we obtain 

Vg T j r J T + </ T Vg T J T + Vg T J T j T + J T Vg T j T = 0, 

and thus 

Wr-V grA ,oj T .r?S = 2/3 r ■ (V St|U i,o j r ■ r?y 


1,0 

I 

J T 


(4.9) 


1 Pr ' (jrVg^oJ. + Vg Ti<1 i.°J r j T ) V 


— 2 /? r * V^Uoj. * 7y i/3 r * </t-V g T: gJr * Vi 

thanks to (14.41) and the fact that /3 r os of type (1,0) with respect to J T . We 
deduce 

— id ^/3 r • j T ^ (?7^’ ,/V ) = i Pr ■ g Tt J T ^jr ~ “ Jr Jr Vg T ,g,Jr ^ Vi 

thanks to dm , and thus 

(v#) = 


+ l Pr • ( ^gl j T Jt J r J r Vg T J T J V- (4-10) 


Using (14.61) and (14.101) we obtain 
2(i r (7y) = JrTJ'fr 


(w'D 

d/r ' dr?7 


+ 29Re <! i/3" 1 u ft A ... A 

l 7=1 


M.;°) 


A... Ap„ 


2$Re Ti- 


IV, 


■ T (jli^r*j f^g),J T dr 2 ^ t ^ t ^ 3 tJtJV 


= df T ■ JrV + Tr r 


IV, 


^7?, */r*j ( ^g T dj- ^'UVg r ■/- J // 
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We show now the identity 


2 TV 


N, 


■ T (^ r h — Ti^ |j r j T Vj T J r • r]^j . 


(4.11) 


Indeed, let (efc)^" 1 C Tx, P be a g T (p)-orthonormal basis. Using (14.HI) . (14.411 and 
the symmetry assumption J T = (J r )J T , we obtain 

= g (^g T ,j T e k Jt ■ V, J T ek) 

9 (^jr Jt^ 7 g r ,ek Jt ■ ? 7 ) 

— 9 g T ,ek Jr ‘ 9? j 

and thus the required identity (14.111) . We infer the formula 

2 Ot T {jf) Tr^ g T Jr ‘ 9 JrirV ST J r * Tf'j df r * j 7 -T], 

over U. We show now the identity 

9t ^ J T Tr Sr J T j-r^ ,g^ 


= Try 


(j T j T V ST J T -r;) . (4.12) 


Indeed using the symmetry identities j T = Jt = — (J T )J r and 

V 9ti? J r = - ( V ff., 5 ^r)g T , we obtain 

9r {^Jt^ g T ,efe Jr^T^-kt 9^ — {?r i^ki Jr^g T ,ek^r JrV^ 

= 9t (&k, J T jr^g-rtekJrV^ ; 

i.e. the required identity (14.121) . Using once again the symmetry identities 
Jr = (Jr)L and Vg T , e j r = {Vg Tt (j T )g T , we infer 


2d r = 


V* g °Jr + Jr Tr 


It (Vg T JrJr) 


= JtV;- (j T j T ) ^g T) 

over U. We conclude the required variation formula for arbitrary time t. in the 
case of constant volume form. In the case of variable volume forms, we fix an 
arbitrary time r and we time derive at t = t the decomposition 

RiCj t (U t ) = Ric Jt (U T ) - dd c Jt log 

We obtain 
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and thus 


dt 


Ric Jt (fi t ) = d{[v; f! ‘ (jj t ) 


-v*n; 


'Wt 


}• 


thanks to the variation formula for the fixed volume form case. The conclusion 
follows from Cartan’s identity for the Lie derivative of differential forms. □ 


We infer the following corollary. 


Corollary 1 Let oj be a symplectic form and let (Jt,Ll t ) t C Jff c x V be an 
arbitrary smooth family. Then holds the variation formula 


2 ^ Ricj t (fit) — 


Wt 9t + 


with g t := —uiJt- 

Proof We have g* = —JtJt and thus the property J t = which allows to 

apply (ITT1) . □ 

Combining lemma [U proposition [T] and corollary |f] we deduce the main 
theorem [L] 


5 The decomposition of the Bakry-Emery-Ricci 
tensor 

We compare first the Riemannian Ricci tensor with the w-Chern-Ricci tensor. 

Lemma 2 Let (X, J , g) be an almost Kdhler manifold with symplectic form 
u> := gJ. Then holds the identities 

RiCjM(£, Jr?) = Ric(g) (£, r?) + ^ Tr E (V 3l j J • V 3 , 3 J), (5.1) 

and 

Ric 3 (w) e C°° (x, A j A T^ n A^Tj) n Ker d. (5.2) 

Proof Using formula (Id.51) and the standard Curvature identity 

{^g,^g,v ~~ ^g,v^g,£ ~ L = ^g (£> d) Ab 

and a similar one for the Chern curvature C u ( T\,j ), we obtain 

(T x ,j) (£, g )p, = K g (£, r?) g, - i (V 3 , ? J ■ V g , v J - X g , v J ■ V 3i? J) g. (5.3) 
This formula combined with the identity 

[C u (T XtJ )(Z,ri),J\ = 0. (5.4) 
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implies 


[K a &v),J}=0. 


(5.5) 


The identity Ric J (w) = Ric J (w n ) and the local expression of Ric^o;"), imply 
that the w-Chern-Ricci form is real (and d-closed). This, combined with the 
identity (15.41) . provides 

RiCj (w) (£, Jri) = 1 Tr R [JC U (T x ,j) (£, Jri)\ ■ 

Let now (e k )^ =1 C Tx, p beau (p)-orthonormal and J (p)-complex basis. Then 
using (15.41) we infer 


RicbM (£, Jrf) = '^2g(JC u; (Tx y j)(€ 1 Jil)ek,e k ) 
k =1 

n 

= ~^2g(Cu (Tx,j) (€,Ji])e k , Je-k). 

k =1 

Using formula (|5.3|) we obtain 

n 

RiCj(w) (^, J77) = -^g{K g (£, Jg)e kl Je k ) 


k =1 


+ 4^ 9 J&k) • 

^ fc=i 

Using the first Bianchi identity and the identities (|4.4[) , (|5.5|) . we infer 

n 

Ric j( w ) (£,*R?) = '^2,g{'R- g {Jig, e k)£ + 'ng{e k ,t)J'q,Je k ) 


k=l 


+ ^ J ’ ^g,r)J + V g,ijJ ’ ^g,$J) Cfc) 

fc=l 
n 

= 53 [Rg (R?, e k ,Je k , 0+9 C^g ( efc , 0 V, e/c)] 

/c=l 

1 


+ 7 Tr iR( V 9,« J - v g.^), 
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where R g G C°° (A', (A^TJ)) is the Riemannian curvature form. Using its 

symmetry properties we have 

Rg = Rg &k) 


R3 Cfc, d?7) 

= -g(Rg{Jek,C) JrhCk) 


= g(n g {Je k ^)r], Je k ), 
thanks to the identity (15.51) . We conclude 

n 

Ric j M (£, Jg) = ^2[g(ll g (Je k ,t)ri,Je k )+g(K g {e k ,Z)r],e k )\ 

k=l 

+ Ti'm (V Sj c J • V s r; J), 

ie the formula (15.11) . In order to show (15.21) . we consider the bilinear forms <p' 
and p" defined as, 

<p'(Z,v) ■= RicjM'tUil), 

(^"(^, 77 ) := Ric jM"(£,J? 7 ), 

where Ric J (w) , J and Ric^w)" are respectively the J-invariant and skew J- 
invariant parts of Ric J (w). We notice the elementary identities 

f' {€,V) = - Ric 7 ) = RiCj {i^Yj (?7, JO = <p' (?7,0 , 

and 


¥>" (C,»7) = Ricj(w)" (J£,r}) = -RiCj(w)" (77, J£) = -</>" (77 ,0 . 

The formula HOD shows that p' + p" is a symmetric form. We conclude p" = 0 
and thus the required identity (15.21) . □ 

Let ft > 0 be a smooth volume form over an oriented Riemannian manifold 
(X,g). We define the ft-Bakry-Emery-Ricci tensor of g as 

Ric 9 (ft) := Ric(g) + V s dlog ^. 

We set for notations simplicity 

[Tr R (V g ,» J • V Si . J)\ (C,t?) := Tr m (V 9 , ? J • V 9 ,„J). 
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Lemma 3 Let (X, </, g) be an almost Kahler manifold with symplectic form 
uj := gJ and let Q > 0 be a smooth volume form. Then hold the decomposition 
formula 

Ric s (fl) = — RiCj (f2) J — — Tr m (V S) . J • V Sj . J) 

+ S^T^Vglog^-Vglog^TV^. (5.6) 

Proof This formula follows directly from the identity (ED and the decompo¬ 
sition formula 


V g df = - dd c J •J + g (d TXtJ V g f - Vgf^N,) , (5.7) 

for all twice differentiable function /. The latter follows from a straightforward 
modification of the proof of lemma 29 in [Pal4j . □ 

Remark 1 Notice that in the set up of theorem [TJ in the Fano case uj = p, 
the decomposition uj = Ric Jt (uj) + dd c Jt ft and the fact that Ric Jt (uj) is of type 
(1,1) with respect to J t implies also that dd c Jt f t is of type (1,1) with respect to 
J t . Then the general identity (see M), 

dd C jU = idjdjU — idjU ■ ?j + idjU ■ Tj, (5.8) 

with Tj the torsion of the almost complex structure J, implies dd c Jt ft = id Jt d Jt ft 
for bidegree reasons. Notice also that for any t;,g G Tx, the identity (15751) 
rewrites as 

dd C jU (£, g) = idjdjU (£, g) - uj (v*;° u, t, (£, g)) - uj (v°; jix, t, (£, g)^j 
= idjdjU (£, g)-uj (v*;° u, N s (£, g)^j - uj (v°; N s (£, gfj 
= idjdjU (f,g) -ui(V g u,Nj (£, 77 )). 

We deduce in our case df t ■ N Jt = 0. Furthermore the closed condition 6jUJ = 0, 
(we use here the decomposition d = d g + d g — 6 a — 9 3 ), rewrites as 

u(Nj (t,g) ,p)+u(Nj (g,p) ,£) +uj(Nj (p,£) ,g) = 0, 

for all £, g, p € Tx- This implies in our case 

“(N Jt (V gt ft,0,v) = uj(N Jt (V g J t ,g),f), 

and also 

9t (■ N Jt (V 9t f t , 0 , J t g) = g t (N Jt (V 9t f t ,J t *),£). 
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rp 

We infer V gt ft~'N Jt = (V gt ft~<N Jt ) . This combined with the identity 
V S( d/ t = - id Jt d Jt h -Jt+gt (d TX:J V gt f t - V at f^N Jt ) , 

(which holds thanks to the fact that, in our case, dd c 3 ft = id Jt d Jt ft ), implies 
the symmetry identity 


dT x , Jt V g Jt = (d Tx , Jt ^ g Jt) T gt . 

along the G-geodesics in the statement of theorem [I] in the Fano case oj = p. 

We notice also that in this set-up, the decomposition formula (15.611 implies, 
for J-invariance reasons, that if a point (g, fi) G Exp G (F^°Q o ) satisfies the 
shrinking Ricci soliton equation g = Ric s (fi), then (J, g) is a Kahler-Ricci 
soliton. 
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